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Abstract
The fourth derivative models for two dimensional gravity are shown to be equivalent to the
special version of the nonlinear sigma model coupled to 2d quantum gravity. The reduction
consists in the introduction of the auxiliary scalar elds and can be performed in an explicit
way for both metric and general metric-dilaton models (the last one has been recently for-
mulated in [10]). In view of this we can evaluate the structure of possible counterterms and
show that they contains second derivative structures only. Next, it is possible to classify the





1. Introduction. Recent achievements in the eld of two dimensional (2d) quantum
gravity (see, for example, [1, 2, 3, 4, 5]) have inspired the interest to the link between 2d
and 4d gravities. In fact, many people regard 2d case as the pattern (or, at least, as some
toy model) for the more realistic four dimensional quantum gravity. However there is a
very essential dierence between these two theories. This dierence is constituted, more or
less completely, from two points. First of all in the 2d gravity there is no spin two states
(see, for example, [6, 7] for the discussion of this in a harmonic type gauge, which is most
useful in 4d gravity) and the metric can be described by it's conformal factor. Secondly,
the loop integrals have better convergence properties in 2d quantum gravity. As a result
the models of 2d gravity which are based on the usual action with second derivative terms
only, are renormalizable. In 4d the renormalizability require the fourth derivative terms to be
included to the action [8], that leads to the loss of unitarity within the standard perturbation
scheme (see, for example, [9] for the introduction to higher derivative quantum gravity in 4d
and references).
During last year there have appeared a papers on higher derivative gravity in 2d. In
particular, the general dilaton model with fourth derivatives has been formulated in Ref.[10].
The interest to the higher derivative dilaton gravity in 2d is partially caused by the analogy
with the sigma model approach to the massive modes of string, where higher derivatives also
appear. The explicit one loop calculation [10] shows that all the divergences which appear
in the fourth derivative model have the form of the second derivative metric - dilaton action.
Moreover it turns out that for some particular case of the general model the direct use of
standard calculational methods fails because of degenerate form of the (higher derivative)
bilinear form of the action. The goal of this letter is to show that the general model of [10] is
equivalent to the D = 4 second derivative sigma model, and that some degenerate particular
cases of the general higher derivative model correspond to D = 3 second derivative sigma
model. Such a representation enables one to obtain closed expression for counterterms and
prove that they contains second derivatives only, and not only at one, but also at higher
loops. The results of our consideration may be relevant for the study of massive modes on
string theory and also for the higher derivative 4d quantum gravity.
The paper is organized as follows. In section 2 we consider the pedagogical example of
higher derivative 2d gravity without dilaton. In section 3 we deal with the general model of
[10]. The last section is conclusion.
2 Metric model with fourth derivatives. As starting point, let us consider the higher




























+  g (1)
Here m
2
; are dimensional and  dimensionless constants. We include the term R for
convenience, in spite of that it does not contribute to dynamics on both classical and quantum
levels, and N scalar elds for generality, so i = 1:::N . Introducing the auxiliary scalar  one





























On classical level the theories (1) and (2) are equivalent that can be seen if one take the
value of  from the corresponding equation of motion and substitute it back to the action
2
(2) or to the dynamical equation for metric. Quantum theory is conventially constructed by
means of generating functional in the form of path integral. Since  is the auxiliary eld one
has to avoid the introducing of the external source for this eld. In the framework of the
background eld method this corresponds to the particular case of the purely quantum eld
 . From technical point of view it means that we divide the metric and  into background
g

;  and quantum h

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= 0; 1 for dierent conformally equivalent versions of the theory, and V ( ) is
potential function. Dierent aspects of the one loop renormalization in the theory with the
action (3) has been investigated in [12, 13, 14, 15, 16]. In a harmonic type background gauge









































where  is an arbitrary gauge parameter and g

and  are background metric and scalar eld.
" is the parameter of dimensional regularization. Note that in the theory under discussion the
propagator has smooth behaviour when " tends to zero, tnd hence here is no additional eects
like the oversubtraction problem [4] which come from dimensional regularization [15, 16].
According to the previous note one must put the background eld  equal to zero. However
it is not possible if the gauge parameter is not equal to zero. So if we put  = 0 and thus


















Thus the only counterterm which appears in higher derivative theory (1) is (5).








where  is quantum eld and g







R   2] (7)
and thus (2) is reduced to the ordinary sigma-model action (see also the paper of Russo





















































Thus we see that in these variables the theory (1) becomes the linear sigma model which is
known to have the divergences of the tachyon type only, and not only at one, but also at
higher loops. Indeed the anomaly contribution is the same as in the previous case.
3. Metric - dilaton model.
Let us now consider a general version of quantum dilaton gravity which has been recently
































































'). Despite the last action looks rather combersome it is possible to introduce the
auxiliary elds and to reduce (10) to the lower derivative action. To show this we rewrite















































Here a('); b('); y('); z('); u('); v(') are some functions which are related with a
1;:::;6
(').























































The last action can be regarded as the special case of the nonlinear sigma model coupled to
quantum metric. The one loop counterterms for the general nonlinear sigma model coupled
to quantum 2d gravity have been recently calculated in [7]. The result of [7] can not be
applied directly to the model (12) because the metric of the sigma model (without quantum
gravity contributions) is degenerate in the last case. However the method of [7] is applicable,
and thus we can use the statement of equivalence between covariant and conformal gauge
which was proved there at one - loop level. Therefore it is sucient to consider the conformal
gauge only. In conformal gauge the action (12) is written in the form (the argument ' and













































0 0  y 2 0
0 0  1 2u 0




















B(X) =  + u + a
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where the prime stands for the derivative with respect to . The divergences of the sigma
model (13) are well known. In particular, it is easy to see that since the original higher
derivative dilaton model (11) can be reduced to the second derivative sigma model, and we
have to put the auxiliary elds equal to zero after calculations, the only possible counterterms






functions. This is exactly the main result of the direct calculations of Ref. [10]. Indeed this
general claim corresponds not only to one - loop but also to higher loop divergences of the
theory (10), (11). These divergences are related with the divergences of the second derivative
sigma model, which have been calculated up to fth order in 
0
. All this divergences can
be expressed in terms of geometrical quantities related with the target space metric G
ab
and
contains the second derivatives with respect to the 2d coordinates.
Let us consider, for instance, the one - loop divergences in the theory (11). According












































and D are the Ricci tensor and covariant derivative in "target" N+3 dimensional
space with coordinates X
a
, constracted on the base of the metric G
ab
(13) . To get the
correspondence with the starting dilaton model (11) one has to derive the components of
Cristoel symbol and the components of Ricci tensor for the metric G
ab
(14), substitute all
this to (15) and then put  =  = 0. Therefore (15) together with (14) give the closed
expression for the one loop divergences. According to [7] in any other gauge, including the
harmonical type one, the result will diers from (15) only by the terms which are proportional
to classical equations of motion. It should be amusing to check whether such relation holds
between (15) and the result of explicit calculations in harmonical type gauge of [10], but we
are afraid to bother the reader with such involved and trivial calculations.
The method described above enables one to classify the dierent versions of the general
model (10), (11) into several sets. It is easy to see that for some versions of (10) there
is only one signicant big bracket in (11). For this particular cases we miss one auxiliary
eld in (12), and thus obtain one less sigma model coordinate in (13), (14). The analisys of
















If the condition (16) holds and the rank of the matrix in (16) is nonzero then the above
scheme has to be modied because of less amount of the auxiliary elds, but doesn't fail.
5
The result is similar to that we have observed in the previous section. So we see that the
higher derivative terms with (r')
2
are of less importance because they do not give rise to an
additional auxiliary dergees of freedom. It can lead to some diculty, if we start, for example,










() is nonzero. In such
theory the target space metric in the space of scalar eld , auxiliary eld and conformal
factor will be degenerate, and the above scheme does not work. In the framework of the
higher derivative model (3) the picture looks as follows. The inverse propagator of the
theory contains only the second derivative terms, and there are four derivative vertices. As
a result the theory has worst structure of divergences and can be nonrenormalizable because






type. In terms of the original model































which has been derived in [12] but with some complicated nonminimal second order operator.
So this version of the higher derivative model (3) strongly diers from the others.
Conclusion. We have discussed the renormalization of a higher derivative dilaton quantum
gravity in two dimensional space. It turns out that the general higher derivative model can
be reduced to D = 4 (here we leave aside N scalar elds for simplicity) nonlinear sigma
model with the second derivatives only. In this approach the sigma model coordinats are
dilaton scalar eld, conformal factor of the metric and two auxiliary elds, which correspond
to higher derivatives in the original formulation. Then from the known renormalization of
the sigma model follows that only the second derivative counterterms can appear in the
theory. Moreover such a representation enables one to obtain general closed expression for
counterterms without special calculations. For some special cases there is only one relevant
auxiliary eld, but the structure of renormalization remains the same. One special case of
the general model (with zero rank of the matrix (16)) has worst renormalization properties
and probably is nonrenormalizable.
To conclude, let us say some words about the possibility to apply the above consideration
to the four dimensional higher derivative gravity. In this case (as well as in any dimension
dierent from 2) the curvature tensor is not dened completely by scalar curvature. In fact it
reects the existence of spin two states. That is why in four dimensional theory one can not
remove highed derivative elds introducing auxiliary scalars. However it is quite possible to
develop the "second order formalism" for the fourth derivative gravity, introducing auxiliary
tensors of second rank. If these auxiliary elds are treated in a correct way ( that doesn't
look dicult) then we can obtain new frame for the study of the general higher derivative 4d
gravity. Perhaps such description of the theory will be useful for the better understanding
of the important problem of unitarity.
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